Abstract: The direction of the magnetic forces on currents, at right-angles to the conductor, leads to an apparent failure of the action-reaction force balance when applied to the component parts of a current-carrying circuit. The electromagnetic railgun provides an example showing the need for a force in the direction of current flow. These and other applications continue a long-standing debate, originating in Amp" ere's analysis of the nature of the forces on current elements. The paper examines the consequences of Maxwell's 'dynamical' approach to currents in terms of 'electrical fluids'. The conductor surfaces transfer the transverse force on the conduction electrons to the crystal lattice but, since there are no similar constraints in the axial direction, a current element cannot be treated as a single entitity. The implications of the separation into two groups of charge are examined. It is shown that the hydraulic fluid, or 'hosepipe', analogue provides a useful insight in terms of momentum and pressure. The corresponding electromagnetic properties provide a 'dynamical' alternative to the magnetostatic Maxwell stresses in the field. This also accounts for the reaction in a self-consistent way, but requires such high levels of energy and stress in empty space as to be widely regarded as 'unreal'.
Introduction
One of the oldest of the various aspects of electromagnetism which is still debated is the nature of the action-reaction forces between current elements. The practical implications are illustrated by the railgun. The projectile, which is shown as a line conductor in Fig. 1 , may be accelerated by feeding it with sufficiently high currents along parallel rails. The rail currents which cause the projectile force, F, are subjected to no recoil, since the Lorentz force, of density f, per unit volume, on a current of density J in flux of density B, is given by the cross-product
This limits the force to the direction transverse to J and includes no axial component. A force equal, but opposite, to F acts on the cross-piece which closes the circuit at the 'breech' end of the gun, and this shows that the system as a whole is in equilibrium. However, it does not explain how the force is transferred between the two ends when they are remote from each other, and raises doubts about the state of axial compression, or otherwise, in the rails. A question which is usually regarded as no more than an academic curiosity is brought into sharper focus by the magnitude of F in a device such as a railgun, in which the forces and acceleration rates may greatly exceed those due to chemical propellants. In practice, the design of such devices usually depends on the use of current pulses and on the relative motion of the component parts, but the effects of both can be ignored for the present purpose. Here attention is directed initially to the magnetostatic forces which act when the current is constant and the parts remain in the same relative position.
Amp" ere first examined the consequences of different laws of force between circuit elements in his famous memoire [1] , written in 1825. He showed that the possibility of an axial component giving a zero net force on the pair could not be tested by experiments with movable parts if the current flow path is closed. The question of the 'correct' force law has since generated many papers, some of the more recent are summarised in [2] [3] [4] [5] [6] [7] [8] [9] [10] . Various experimental investigations are still being explored [10] [11] [12] [13] [14] . Page and Adams [15] studied the interactions between elements defined as two sets of charge in relative motion, and they showed that the equilibrium is accounted for by the rate-of-change of field momentum, of density D Â B. This explanation is widely accepted [16] . It is to be expected, since two charges of opposite sign moving past each other form a Hertz dipole, from which the 'radiation' of momentum is similar to that of power, at a rate given by E Â H. However, although the forces on antennas are predictable, they are small. Field momentum appears to have little relevance in devices in which the currents may be constant, the flow paths closed and the forces are extremely large.
Maxwell showed that all quasi-static forces can be accounted for by treating the magnetic and electric fields as in a state of stress, corresponding to elastic tensions in the flux lines combined with a sideways pressure pushing them apart. This accounts for the equilibrium of the component parts in terms of the electromagnetic analogue of the gas pressure in a conventional gun, as shown in Section 3. The stress is one of the field properties, including energy, power and momentum, which are in accord with all experimental observations, and it has become familiar as a tool which is now widely used in numerical field solutions. However, the concept of empty space in a state of stress is usually rejected as no more than a convenient fiction, although its role as an essential part of the relevant energy-momentum 4-tensor then calls the whole of the field model into question. The description of power, for example, in terms of the Poynting vector, E Â H, results in very high power densities in spaces around the conductors in any device operating at high power levels, including transformers [17] as one example. The railgun provides one of the simplest illustrations of the inter-dependence between the field properties of stress, power, momentum and energy, and illustrates doubts about the 'reality' of all of those properties when the field's energy densities are large.
The railgun also illustrates Maxwell's alternative 'dynamical' view of electromagnetism [18] , formulated in terms of the motion of the 'electrical fluids' inside the conductors. As expressed in modern terms, the 'dynamical' approach depends on the separation of the conduction electrons from the lattice charges through which they drift. Properties such as momentum are described by the vector potential, A, instead of flux of density B. The distinction between the 'fluid' and the 'pipe' which carries it shows that a current element cannot be treated as a single entity. The freedom of movement in the direction of flow requires a corresponding separation between the different forces on the two groups of charge, since the constraints which act transversely have no axial counterpart.
The object of the paper is to show how the equilibrium conditions can be described most directly by the 'dynamical' equivalents of the field properties, corresponding to fluid momentum and stress in the hydraulic analogue. These summarise the various action-at-a-distance forces, and help in accounting for the system's behaviour. They illustrate the two alternative descriptions of properties such as momentum, by attributing them either to the fields or to the source charges. The work extends previous studies of the electromagnetic forces, including the axial components which are observed as induced emfs [19] , to their 'mechanical' actions.
Interactions between current elements
The Lorentz force dF 1 on a line element dl 1 of a conductor (Fig. 2) , due to the field dB 2 of the element dl 2 , is equal but opposite to the force, dF 2 on dl 2 , due to dl 1 , only if the two elements are parallel and opposed to each other. Both forces are zero when the elements are co-axial, but otherwise the combination of dF 1 and dF 2 results in a net force and a net moment on the system comprising the two elements. The railgun illustrates the practical implications by the absence of any recoil force and corresponding axial stress, within conductors such as the rails.
The experimental difficulties, which were examined by Amp" ere in deciding between different laws of force on circuit elements, are illustrated by the continuing lack of any accepted measurements. If wire elements were to be isolated, the flow of current would result in a rapid accumulation of large amounts of charge at both ends, but the quasi-static electrical forces which these contribute satisfy the actionreaction condition, so that they cannot account for the lack of balance in the magnetic forces. The progressive change in the source charges results in a propagation delay, however, whose importance is shown by the Page and Adams analysis [15] of the role of the resulting field momentum, D Â B. The same property can also be expressed in terms of the momentum, qA, of a source charge q, as described in Section 4. The need to include the propagation delay shows that the underlying quasi-static interactions between the charges are very much larger than the magnetic forces, and demonstrates the enormous density of electrons in the conduction-energy band of a metal such as copper. It is this which makes magnetic forces so important, although extremely small in comparison with the electric forces between the same source charges. It shows the need for care in identifying the sources.
The equilibrium conditions are demonstrated by the force, qE, on any charge, q, in the reference frame in which it is stationary, where E is the electric field due to all of the source charges, including those moving relative to q. The contribution from each is similar to the contribution which it would make if stationary, but is distorted by the relativistic term due to the motion, as described by the Lorentz transformation between the two reference frames. This changes the magnitude, but not the direction, of the E field due to a point charge [16, 20] . E remains radial to the source in its current position, at the instant at which the force qE is observed to act on q. In this sense the action and reaction are always equal, but opposite. The self-consistency of the theory shows that the same balance in the forces is predicted in the reference frame in which the motional part is described as 'magnetic', in the form q u Â B, where u is the velocity of q. In practice, he sources are defined by their retarded locations, at the instants at which the field is emitted, and D Â B then appears in the balance condition. However, retardation can be ignored when considering the steady-state behaviour of devices such as railguns. This makes it clear that the the resolution of the apparent inconsistency in the motional forces requires sufficient care in the way in which the theory is being applied, rather than any modification of it. The various alternatives which are proposed in the references, based on different laws of force between current elements, tend to be undermined by a failure to examine the assumption that two groups of charge in relative motion can be treated as a single entity.
Continuous flow paths
Interrupting the flow of current at circuit discontinuities illustrates the role of the conduction electrons, but does not show why no axial force is necessary when the flow is continuous. It is helpful to examine this more closely, assuming a static system consisting of fixed components carrying a constant current. It is also assumed, for the sake of simplicity, that the materials are solids, in which the currents are due to an electron drift through a crystal lattice. The mean Lorentz force, F q , on a conduction electron, with charge q, moving at a mean velocity u relative to the stationary lattice, is
The u Â B component of the force, in the direction transverse to u, compresses the electron cloud sufficiently to produce a net electric field, E, equal but opposite to u Â B. The crystal lattice charges are subjected to the same E field but to no u Â B component. They are kept in equilibrium by what it is convenient to regard as a nonelectromagnetic, or 'mechanical', stress, as defined by the way in which it can be observed as a lattice strain. The E field appears as a Hall voltage between the opposite conductor surfaces when the conditions are asymmetric, for example due to the flow of current in a second conductor. The Hall voltage then provides a measure of the net force, and also of the net B field due to the external source.
In general, the 'mechanical' force on the lattice necessarily reflects the equilibrium of the conduction electrons moving through it. If it is assumed that the conductor is resistanceless then, under static conditions, F is zero on each of the component charges. Since u Â B is confined to the transverse direction, so also is E. The freedom of flow of the electrons necessarily imposes the same equilibrium condition, E ¼ 0 in the axial direction, on the lattice charges, so there can be no 'mechanical' force on the lattice in the flow direction.
As is shown in Section 11, changes in current do not have any significant affect on the net E. The resistivity of the material is the only source of an axial component of E, given by grad j, where j denotes the electric scalar potential, due to a redistribution of the surface charge. The resulting E field appears both inside and outside the conductor, but cannot account for the reaction since the underlying action does not depend on resistivity. The assumption that the electron drift is confined to the axial direction is more important. The penetration of current into the conductor interior, under steady-state conditions, as from the armature into the rails of the railgun, introduces a transverse component of u, and hence an axial component of force similar to that on the armature. However, it puts the rail into tension, not compression, and cannot account for the force balance. Any change in cross-section likewise results in axial forces, by introducing a transverse flow of current, but this is of no interest if the cross-section is uniform.
The absence of any compressive force in the railgun rails is confirmed by the analysis in terms of field stress, most simply in two-dimensions (Fig. 3) , assuming sheet conductors of infinite width. The flux density, B, is then zero in the exterior space and is uniform in the interior. The pressure, p, which is exerted on all parts of the boundary surface is the same as the energy density within this region:
The same total force, per unit area, is obtained by integrating (1) through a conductor of finite thickness. The field pressure is closely analogous to the gas pressure of a chemical propellant, producing outwards forces both on the armature and on the rails, where it creates the equivalent of the barrel stress in a cylindrical gun. The field model accounts for all of the observed forces in an entirely selfconsistent way, and the only question is that of the credibility of the very high pressure, p, within the interior space.
In general, the observable force on any part of the system is obtained by integrating the field stress over a closed surface containing the part. This is illustrated in Fig. 4a for a conductor element of length dl. It defines the element as the contents of the surface, and hence the force as the sum of those on the constituent charges. The penetration of current and flux into the interior results in a pressure, p, on the two end surfaces. These sum to zero and limit the net force to the transverse direction, except in the end part of the rail (Fig. 4b) . Enclosing this in a surface passing between the rail and the armature shows that the entire rail is in tension. The result is (by definition) in accordance with the integral of the J Â B force due to the transverse component of J within the rail. It confirms the absence of any net axial compression in a material consisting of both sets of charge.
Electron momentum
The Maxwell stress accounts for the observable forces on all of the elements of the system, and includes the equilibrium of the flux lines themselves. Their elasticity, like the sideways pressure, depends on the energy density, as is evident when work is expended in changing the volume.
The relationship between the two shows that the rejection of the Maxwell stress as a 'real' force implies a similar view of the field energy, in devices operating at high power levels. Attributing properties to the field provides a convenient static equivalent to the dynamical description in terms of the constituent charges, but does not account for the equilibrium of those components. When the two ends of the railgun are sufficiently remote, the whole of the force on the armature is accounted for by the currents in the rails, more specifically in the regions close to the end, and these must account for the reaction.
The relative motion between the two sets of charges introduces changes which were specifically recognised by Maxwell [18] . He showed that the properties of the 'electrical fluid' depend on the description of the magnetic interactions in terms of the vector potential A, instead of B. The Lorentz force f, on charges of density r, takes the form 
The currents are the source of A. Any change results in a force, f A , given by f A ¼ Àr@A=@t ð6Þ
and a corresponding impulse
showing that rA is a measure of the momentum, per unit volume (more specifically, the mutual momentum, which is acquired by the charges, r, as a consequence of the flow of all of the currents contributing to A). The effects are evident in the arc which forms when any attempt is made to stop the flow of current by opening a switch. This illustrates the physical significance of inductance as a measure of the momentum of the conduction electrons, per unit current, in the circuit as a whole. The self-inductance, L, per metre, of a two-wire pair, for example, is given by
The total inductance of any current flow path, whether closed or not, is obtained by summation [16, 19] . A group of charge of any size, and with any arbitrary charge distribution, moving at a uniform velocity, u, is the source of an A vector given by
where j is the electric (or 'electrostatic') potential of the group at the same point. The relationship, although not usually stated in this form, follows by inspection from the Lorentz transformation [16, 19, 20] , and applies to the two Li! enard-Wiechert potentials [16] for the moving group. It is valid for all velocities up to u ¼ c, provided that both potentials are observed in the same reference frame [19] . Their propagation, at velocity c, is included by taking retarded values, although this is of no concern under steadystate conditions. j/c pairs with A as components, in SI units, of the potential 4-vector [16] satisfy the gauge condition divA ¼ Àð1=c 2 Þ@j=@t so that div A is zero when the sources are static. The effects of gauge changes can be ignored for the present purpose, since the potentials provide the simplest and most direct description of the source interactions [17] . Equation 8 shows that the magnetic vector potential contributed by each of the two sides of the rectangle, in Fig. 1 , varies in magnitude in the same way as the electric potential of the moving electrons (Fig. 5) , when the lattice and surface charges are excluded. The axial distribution of both sources is uniform. Electrons of density r 1 , per unit length, with a mean drift velocity u, constitute a current
Hence
restates (8) in a more familiar but less general way. The concept of a momentum rA has evident advantages in the description of induced emfs, since the electric field E in (2), depends on the local value of A in (4) in contrast with the definition of flux linkage in terms of fluxes which are remote from the conductor in which the emf acts [19] . The same point has caused much discussion in the quantummechanical treatment of the interaction between a moving charge and a magnetic source [21] . The appearance of the vector A in the Schr. odinger equation leads to the Aharonov-Bohm effect [22, 23] , describing an observable interaction in the absence of any local B, and hence to the concept of a quantum state which is long-range, when described in terms of B. Replacing the field momention, D Â B, by its equivalent rA [24] likewise provides insights into the mechanical, or 'ponderomotive', force interactions.
Forces at a bend
Describing momentum in terms of charge gives the differential forces, or emfs, in terms of @A/@t. It also gives the net ponderomotive forces which result from a change in direction of flow. The motion of the 'electrical fluid' round a right-angle (Fig. 6) carries the conduction electrons, of density r e , away from the source of A, and changes their momentum at the rate r e @A z =@t ¼ r e u@Az=@y where A z is the contribution to A from the rails. Substituting
shows that the rate at which momentum is lost results in a force f A , per unit volume, on the current J y flowing in the y direction
The net transverse force per metre, F A , on a total current i is given by the integral of f A through the volume. Hence
when the conductors are sufficiently long. More generally, the vector F A depends on the difference in A between the opposite ends of the conductor. The reciprocal action of the armature on the rails is not in the opposite direction, since it depends on the y component of A. 
This gives the net force on the armature in terms of the component, A z , due to the rails, and separates off A y as the source of the armature pinch. The comparison illustrates the equivalence of the two descriptions of charge behaviour, one expressed in terms of field stress, and the total B, whereas the other depends on the dynamical properties of the 'electrical fluid'. Since both descriptions are based on the same Lorentz force, they are equally valid, provided that each is used in a self-consistent way. Neither can be tested directly, so that the choice between them is essentially arbitrary, but the response of the electrons is evident in an increase in the density of the 'fluid' as it is accelerated from rest.
Field equivalent
A wider range of possible models is demonstrated by describing the mutual momentum property in field terms.
As is shown in [24] ,
where the vector D e denotes the electric-flux density due to the moving electrons, when isolated from the lattice charges. The usual description of field momentum, of density D Â B, in terms of the net flux density, D, is replaced by one in which D is resolved into two opposite components by treating the electrons and lattice charges as different sources. The changes in D Â B account for the differential forces or emfs, due to changes in current, and also for the net force when the electrons round a corner. The separation further illustrates the role of the usual field model as a static equivalent. The forces at bends show that each of the separated fields has an exceedingly high energy density, compensated by the mutual energy between the two groups. The details of the partial-field model are too complex to be of practical interest, since the charge-based equivalent shows the dynamical implications more clearly. The hydraulic analogue links the changes in the momentum of the moving fluid with changes of pressure, properties which are described in field terms by the association of D Â B with the Maxwell stress. A similar equilibrium condition can be applied to the charges by deriving the dynamical equivalent.
Differential electron density
The concept of a pressure in the 'electrical fluid' is illustrated by the increase in density of the electron cloud which is necessary to resist the transverse pinch. The transverse equilibrium of electrons of density r e , drifting at mean velocity u, follows from (4) and (12):
If the transverse direction is y, in Cartesian co-ordinates, then À@j=@y þ u:@A=@y ¼ 0
where @j/@y is due to the excess of electrons. The Poisson equation
gives the net charge density r o and corresponding potential j o . The relationship between A and the source current is likewise
The relative change in density, as obtained by substituting from (12) is
The Hall voltage, j o , and transverse E field, due to r o , are small, but result in extremely large lattice stresses, in devices such as the railgun, because of the magnitude of the charge density, r e in the two charge groups which are separated by their relative motion. The lateral stress increases the lattice charge density by an amount which depends on its mechanical properties, but this does not affect the difference, r o .
Electrical stress
The properties of momentum and stress are illustrated in field terms by the Maxwell stress tensor, S f , satisfying the
as set out, for example, by Stratton [25] . The momentum is defined by the effects of changes in time and the stress by changes in space. Equation 21 shows the role of S f as the field 'mechanism' accounting for the Lorentz forces on the source charges. It also shows the need for an exchange of momentum and stress, as described by
to account for the equilibrium of the volume elements of empty space. The observation of D Â B depends on the stress to transfer the momentum forces to the system components.
The dynamical equivalent of the stress has been derived by Endean and Carpenter [26] , as one of the properties of a 4-tensor, C m v , in which the momentum density rA, together with the mutual energy densities rj and J.A, replace the field equivalents. The tensor provides a self-consistent description of the charge equilibrium in terms of chargebased, instead of field-based, properties. The stress includes an 'electrical tension' of magnitude
where the negative sign indicates an outwards pressure. The result is evident from the electrical force, f j , on charges of density r, f j ¼ Àr=j and this shows how the concept of 'stress' parallels the definition of momentum density, rA, in terms of the Àr@A/@t force. Both are measures of the mutual interaction between the local charges and the remote sources of the potential, giving S j in terms of the mutual energy density, rj, since force is a consequence of the energy change when one source is moved relative to the others. The forces which are required to separate any group of charges from those of opposite sign can be visualised as an internal electrical pressure, acting outwards in each group and pushing the two together. The result is, by definition, the same as is predicted by the Lorentz force and, therefore, by the Maxwell field stress in the surrounding space. The transverse electrical forces, f je , on conduction electrons of density r e :
derive from the electrical pressure
due to the Hall voltage, j o . The term 'differential electron pressure' is more descriptive, since j o is due to the increase in electron density relative to the crystal lattice. This is observed, in the transverse direction, as the opposite compression forces on the lattice charges causing the lattice strain.
The concept of an electron pressure merely restates the transverse force equilibrium, but in a form which helps to centre attention on the charges, instead of the fields. It can be regarded as 'real', in the sense that the electron compression is directly observable. The pressure is hydrostatic in form, as is shown by the appearance of the S j terms in the principal diagonal of the stress tensor [26] . However, the axial variations in S j are small, and are confined to the corners, in conductors whose cross-section is otherwise uniform, since the electron equilibrium depends on the absence of any axial component of E.
The volume charge combines with an opposite surface charge to restrict the Hall voltage to the transverse direction, along the sinuosities of conductors forming closed paths. An axial component of S j is required to balance the inductive, @A=@t, forces on the charges when they are accelerated or decelerated, as illustrated by the behaviour of a wavefront travelling along a transmission line [17] . However, the net axial E remains zero in a resistanceless conductor if the electron mass is assumed to be negligible (Section 11). This is reflected in the combination of the electron pressure and a corresponding differential pressure on the lattice charges of opposite sign, giving a net result in accordance with the Maxwell stress, but with a maximum on the axis instead of at the surface.
Both the electrons and the lattice charges are subject to pressures, summarising the results of the interactions between them. These include the electron compression and the lattice forces, consisting of the transverse pinch, together with the axial tension which is caused by the current transfer out of the rails, as illustrated in Fig. 4b . The pressure and field models (necessarily) agree in what is observable, but differ in the total forces which are obtained by summing over the railgun cross-section. S j excludes the contribution from the Maxwell stress in the empty space, so that it does not account for the reaction to the force on the armature, because it makes no reference to the momentum changes in (13).
Magnetic stress
S je is one part of a stress tensor in which the magnetic terms extend to all nine components. These include the scalar J.A and vector J Â A. The component of stress
is defined by the J Â B force between parallel currents, as given by
in the transverse direction, y, at right-angles to J and A. This pushes currents up the potential gradient in A z , and restates the transverse force equilibrium of the electrons in terms of the balance between S A and S j . Since the J Â B force is transverse, S A is not hydrostatic in form, as shown by the removal of the termÀJ z A z in the z direction, and likewise in the x and y components [26] . The magnetic stress separates out the components of B in accordance with the sources of A, but adds nothing of sufficient importance to explore further here, beyond the observation that the response, S je , to S A , results in the 'ponderomotive' forces on the lattice charges. The magnetic stresses describing the electron equilibrium in the lattice reference, R, can be removed by transforming to the reference, R 0 , in which the electrons are stationary. R 0 moves at velocity u, relative to R, and becomes an inertial reference when used to describe the static conditions inside any straight conductor in which J is uniform. As 'seen' from R 0 , the forces due to S A account for the 'ponderomotive' pinch, since they are exerted directly on the lattice charges, moving at velocity Àu. The response of the electrons is described by the relativistic transformation between the two electric potentials, j 0 and j, as given approximately by
when the factor 1À(u/c) 2 is neglected. The difference between j 0 and j o is the result of the change in the charge density of the lattice due to its motion in R 0 . The change, to r 0 , is
This is often referred to as 'apparent', but is entirely real, in the sense that charge can be observed only in terms of the forces which are exerted on other charges, as described by the potential j 0 . The consequences are, necessarily, the same as is observed in R. The electrons respond to r 0 by moving inwards, so as to reduce the net charge density to zero, and the change appears as the net charge, r o , in R, in accordance with (19) However, the change in reference changes the pressure, S j , and hence the description of the charge equilibrium.
Maxwell force
The disappearance of B calls into question the view of the flux field as a physical entity causing the observable forces. More importantly, it separates out the electron momentum and stress, by expanding both the rE and the J Â B, or J Â = Â A, contributions to the Lorentz force. Since has been shown to have an important role in the description of induced emf [19] . It has been referred to as the 'Maxwell force' to distinguish f from the description in terms of fields, as in (2) .
Substituting from (12) shows that using the prime to denote the contribution due to the motion. The electron equilibrium, under steady-state conditions, then reduces to
The change in j 0 shows that the pressure which acts on the moving charges, as 'seen' in their own reference frame, balances the change in momentum.
The approach, in the z direction, to a corner causes a loss of electron momentum at rate r e (@A z /@t) 0 , as illustrated in Fig. 5b . The change is accounted for by an increase in j 0 , and hence in S j 0, to a maximum value at the end of the railgun rail. The force which results from the subsequent loss of r e A z in the armature is balanced by the corner pressure in the 'electrical fluid'. The stationary lattice charges are subject to no u.A forces, so that the net pressure on the electrons provides the reaction to the force on the armature.
The change in view of pressure corresponds to the similar dependence of field stress on the reference, as shown by the resulting exchange between the E and the u Â B terms in (2) . In both the charge-based and the field-based models, the choice between what is 'electric' and what is 'magnetic' is essentially a matter of convenience when describing the effects of motion. Movement is defined more clearly in terms of the sources, as is shown by the confusions which are caused by the description of emf induction in terms of moving fields [19] .
The electron equilibrium in the transverse, y, direction is accounted for by the balance between @j o /@y and the contributions to J Â B from the = A (u.A) and (u.=)A terms in (32). The first, u@A z /@y, due to J z , describes forces which the rail electrons exert on each other and the second, u@A y / @z the contribution from the current, J y , in the armature. If the sources are two-dimensional, as in Fig. 3 , then the net B is uniform, but the concept of a single flux field conceals the separate contributions to the transverse force from each of the two currents.
Forces due to transient changes
Changes in current introduce the @A/@t term in (4), together with the inertial force of the electrons due to their mass, m e , per unit volume. Since the J Â = Â A force is confined to the transverse direction, the axial forces on the electrons satisfy the condition
When m e is neglected, the equilibrium reduces to a balance between the momentum, r e A, and the pressure, r e j, as demonstrated by the arc which forms when the current is interrupted and, also, by the charge which is drawn from the energy source, of potential j, to drive any increase in current. The rapidity of the change is limited by the maximum value of j, and is reflected in the rise in pressure. The use of discharge resistors is the magnetic analogue of the surge ponds protecting the stop valves in hydraulic pipelines from excessive pressure. Allen and Jones [27] have described the momentum behaviour in field terms, and accounted for the railgun reaction, by superposing the two contributions to D Â B carried by waves travelling in from the source and reflected backwards. This adds another variant to the treatment in terms of superposed fields in Section 6. It translates into the net momentum of the corresponding rA waves, and this helps to emphasise the magnitude of the potential, j, which is needed to make rapid changes in current. The Maxwell stress is still required to account, locally, for the observable end-force, since the changes in D Â B are remote, in accordance with (22) .
The momentum, m e u, in (33), requires a net electromagnetic force on the electrons, and an opposite reaction on the lattice charges, so that a conductor which is freely suspended responds in accordance with the mass ratio of the electrons to the positive ions. The recoil, sought unsuccessfully by Maxwell, is difficult to detect because the mass ratio is so large. The separation of the m e u term in (33) manifestly raises very fundamental questions about the distinction between the two forms of momentum and mass, but this is not relevant to the practical point that the net axial force is very small, and can make no significance contribution in devices such as railguns.
Some of the experiments by Graneau, used as evidence of a net axial force, depend on rapid changes in current. The most direct is the observation of buckling in railgun rails [28] when the currents are sufficient to raise the material to near melting-point, but the absence of any quantitative measurements makes it difficult to separate the effects of thermal expansion, opposed by the large frictional constraints of the rail supports. Graneau has also suggested [10, 11] that the separation of wires into short elements, when melted by current pulses, is evidence of tensile forces, but the observations can equally be accounted for by the current pinch, acting transversely, as a well known source of instability in fluids and plasmas.
The effect of changes in the railgun, both in the current and in the geometry, due to the movement of the armature, tend to confine the current to the inner surface layer of the rails, leading to local melting and rail abrasion. This has led Witalis [3] to conclude that the consequent ejection of molten material is necessary to account for the reaction to the observed force. However, the armature also tends to melt and is driven in the opposite direction. The analysis of the forces which act under transient conditions is complex and goes beyond the scope of the paper, since it cannot account for the static equilibrium of parts which are fixed in position and carry constant currents.
Conclusions
A previous examination of the role of the vector potential, A, in describing emf induction has been extended to the analysis of mechanical force. The equilibrium of the conduction electrons, in a resistanceless conductor, limits the internal electric field, E, to the transverse direction, so that there can be no local forces on the lattice charges in the direction of flow. It has been shown that this does not imply any failure of the action-reaction force balance, in devices such as railguns, or any inconsistency in electromagnetic theory.
The mobility of the electrons shows that a current element cannot be treated as a single entity, subject to a single force, but has to be divided into two separate groups of charge in relative motion. Proposals for different laws of force between line elements tend to be undermined by a failure to define exactly what is meant by the element. The description in terms of the Maxwell field stresses combines the two sources into a static equivalent, and it is this equivalence which underlies the common view of the stress as 'unreal', although it necessarily makes the other field properties equally unreal, including the distribution of energy and the transfer of power by the Poynting vector, E Â H.
The complex of charge interactions can also be summarised by Maxwell's 'dynamical' alternative to the field model. The concepts of momentum and stress, in empty space, are replaced by a description of both as properties of the charges themselves. The variables are the electric and magnetic potentials, j and A, giving the mutual energy densities rj and J.A. The stress is illustrated by the increase in density of the electrons, and reflects the forces which are required to set them in motion. The closure of the flow path removes the charge accumulations, which otherwise contribute to the net force, and reduces the interaction to one, which is the electromagnetic equivalent of fluid flow along a pipe or hose. Changes in the momentum rA, per unit volume, are balanced by changes in pressure. This accounts for the reaction to the force on the railgun armature, and contrasts with the field stress as the analogue of the gas pressure in a conventional gun. The dynamical model merely restates the Lorentz force in integral form, but the change helps to illustrate the significance of the different components of the Maxwell force, as defined by (29) , in accounting for the charge equilibrium. It also provides insights into the difficulties in deciding experimentally between different laws of force, in a debate which originated with Amp" ere and still continues.
The analysis predicts a small tensile force in conductors, such as the railgun rails, due to the penetration of current in the transverse direction from the surface into the interior. As has been shown by Costa de Beauregard [29] and others, since the forces between closed circuits are measures of the mutual energy, they can be accounted for by an axial compression of the material, expressed in terms of the mutual energy density, J.A. However, although experimental observations on the component parts can be explained in this way, the demonstration of the equivalence provides no evidence of the existence of the compressive force.
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